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Abstract
We study the dynamics of inflation driven by an adiabatic self-gravitating medium, extending the
previous works on fluid and solid inflation. Such a class of media comprise perfect fluids, zero and
finite temperature solids. By using an effective theory description, we compute the power spectrum
for the scalar curvature perturbation ζ of constant energy density hypersurface and the comoving
scalar curvature perturbation R in the case of slow-roll, super slow-roll and w-media inflation, an
inflationary phase with w constant and −1 < w < −1/3. A similar computation is done for the tensor
modes. Such a media are characterised by intrinsic entropy perturbations that can give a significant
contribution to the power spectrum and can be used to generate the required seed to primordial black
holes. In general the Weinberg theorem is violated; thus on super horizon scale neither ζ nor R
are conserved and moreover ζ 6= R; reheating becomes crucial to predict the spectrum of primordial
perturbations. We discuss in detail the physical consequence of such a violation.
1 Introduction
Inflation is probably the most successful way to solve the horizon problem in cosmology and, at the
same time, to give a simple explanation of the indirectly observed spectrum of primordial pertur-
bations. In the case of single field, inflationary predictions are largely independent on the details of
reheating phase. Indeed, according to the the Weinberg theorem [1, 2], irrespective of the constituents
of the Universe, there is always an adiabatic mode, constant on superhorizon scales, which can be
identified with the comoving curvature perturbation R, or equivalent with the uniform curvature per-
turbation ζ. When the theorem holds, R or equivalently ζ can be used to set the initial conditions for
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the “standard” thermal radiation dominated phase of the Universe. Thus, the power of the Weinberg
theorem relies in the possibility of simply inflate and forget about the largely unknown period when
an inflaton dominated Universe is turned into a radiation dominated one. However, going beyond
single field inflation can trigger violation of the Weinberg theorem; for instance, multi field inflation
will typically produce a mixture of adiabatic and isocurvature primordial perturbations, as a result R
and ζ will not be constant on super-horizon. Planck [3] provides rather stringent constraints on the
amount of isocurvature perturbations.
When going beyond minimal single field inflation, it is very useful to adopt an effective theory
description that allows to explore the general physical implications on symmetry grounds instead of
dealing with a plethora of different models. In the case of single clock inflation, in which the inflaton
itself can be used as a “clock” breaking spontaneously time reparametrization invariance of general
relativity (GR), the effective action description was given in [4], see also [5] for a different formulation.
More subtle violations can take place whenR is not conserved at superhorizon scales; as a result, R
and ζ grow superhorizon and are different[6, 7, 8, 9, 10]. This is the case, for instance, for fluid [11] and
solid inflation [12]. In the present work, we present a general set up capable to give anf effective field
theory description of inflation driven by a generic adiabatic, non-dissipative medium. Such effective
theory description [13, 14, 15, 16, 17, 18] is based on up to four scalar fields {ϕA , A = 0, 1, 2, 3},
and comprise fluid inflation and solid inflation and their generalization, namely non-barotropic fluid
inflation and finite temperature solid inflation. The basic assumption of a adiabatic medium is such
that entropy per particle perturbation δσ, when present, is conserved in time. The most general case of
a non-dissipative medium with two propagating scalar modes, one is precisely δσ [18], corresponds to
a generic supersolid and will be studied in a separate paper. It is worth to point out that, though δσ is
time dependent, becomes frozen at superhorizon scales, thus the adiabatic case can be still important
to described in a simplified dynamical setup the physical implication of entropic perturbations δσ.
Moreover, the contribution of δσ to the power spectrum can be used as initial seed of perturbation
for the generation of primordial black holes that could constitute a sizeble ammount of dark matter
in our universe [19, 20, 21, 22].
The outline of the paper is the following. In section 2 we briefly review the effective field theory
description of adiabatic self-gravitating media. In section 3, the dynamics of R and ζ is derived in
general terms, discussing possible sources of violation of the Weinberg theorem. Section 4 is devoted
to study the dynamics of inflation driven by a an adiabatic medium giving the general expression
of R and ζ and the corresponding power spectrum; in particular the role of entropic perturbation is
studied. In section 5 we give a detailed analysis of inflation for barotropic and non-barotropic fluids,
zero-temperature and finite temperature solids in the following regimes of interest: slow-roll, super
slow-roll and w-media inflation characterized by a constant w. Section 6 deals tensor modes during
inflation and the resulting tensor-scalar ratio. Section 7 is devoted to the study of the post inflationary
phase that leads to a radiation dominated Universe by computing the final values of R and ζ. Our
main conclusions are given in section (8).
2 Adiabatic Media
Isentropic media can be described by using an effective field theory based on four Stuckelberg scalar
fields ϕA, A = 0 , 1 , 2 , 3, related to the Goldstone bosons for the spontaneous breaking of spacetime
translations [14, 18]. The most general isentropic medium corresponds to a zero temperature solid
with an action
S = M2pl
∫
d4x
√−gR+
∫
d4x
√−g U(τ1, τ2, τ3) , (2.1)
where
τi = Tr [B
n] , B = gµν∂µϕ
a∂νϕ
b , a = 1, 2, 3. (2.2)
2
The fluid case corresponds to an enhanced symmetry (fluid volume preserving internal diffeomor-
phisms) which singles out the following combination
b =
(
τ31 − 3 τ1 τ2 + 2 τ3
6
)1/2
; (2.3)
thus isentropic perfect fluids are described by U(b).
In general media entropic perturbation can be present. At the level of the effective description
the presence of an entropic mode is due to a new Stuckelberg field ϕ0 related with the breaking of
time re-parametrization. The new field gives rise to a set of additional operators in the EFT, however
enforcing for the effective action the following symmetry
ϕ0 → ϕ0 + f(ϕa) , a = 1, 2, 3 ; (2.4)
only the operators τ1 τ2, τ3 and
1 Y = uµ∂µϕ
0 are allowed and entropic perturbation can be present
but do not propagate [18]. The Lagrangian U describing the medium (see (2.1)) will depend also on
Y and it is associated to a finite temperature solid.
At linear level, by using the rotational invariance of the background, the scalar part of φa can be
written as
ϕ0 = t+ pi0 , ϕ
i = xi + ∂ipiL + pi
i
T , , ∂ipi
i
T = 0 . (2.5)
Around flat spacetime, one can easily find the dynamics of the Goldstone bosons by simply expanding
the action at the quadratic level
S(2) = M2Pl
∫
d4x
[ (ρ+ p)
2
∂tpiL∆∂tpiL + (M3 −M2)piL∆2piL +M0 pi′02 + 2M4 pi′0∆pil
+
(ρ+ p)
2
∂tpi
i
T∂tpi
i
T −
M2
2
piiT∆pi
i
T
]
;
(2.6)
where ∆ = δij∂i∂j . We have also introduced the mass parameters {MA ;A = 0, 1, 2, 3, 4} which char-
acterize the quadratic action of a self-gravitating medium; their definition in terms of the derivative
of U is given in appendix A.1.
The main feature of the symmetry (2.4) is that the temporal Stuckelberg field pi0 enters only
through its time derivative and one make a field redefinition by setting pi′0 = Π, then Π can be
integrated out from the quadratic action by using its algebraic equation of motion; namely
Π = c2b ∆piL + F (~x) , (2.7)
where F (~x) is an arbitrary function of the spatial coordinates xi. One gets then 2
S(2) = M2Pl
∫
d4x (ρ+ p)
[1
2
∂tpiL∆∂tpiL − c
2
L
2
piL∆
2piL +
1
2
∂tpi
i
T∂tpi
i
T −
M2
2 (ρ+ p)
piiT∆pi
i
T
]
; (2.8)
with
c2b = −
M4
M0
. (2.9)
Thus the longitudinal modes propagate with velocity
c2L =
2M2Pl
[
M24 +M0 (M2 −M3)
]
M0 (p+ ρ)
≡ c2s +
4
3
c2T , (2.10)
1The quantity uµ is the velocity of the medium which can expressed in terms of the derivatives of the spatial Stuckelberg
fields, see [18].
2For simplicity, in (2.8) we have not taken into account the presence of F in the solution of Π. The net effect is to
produce in the quadratic action an irrelevant constant term plus a linear term which alters the solution of the equation of
motion for piL making room for δσ; actually F =
δσ
2M2
Pl
M0
, see (3.8). Neither the propagation velocity nor the stability is
influenced by F .
3
where
c2s =
2M2Pl
(
3M24 +M0 (M2 − 3M3)
)
3M0 (p+ ρ)
(2.11)
is the adiabatic sound speed, while
c2T =
M2PlM2
(ρ+ p)
(2.12)
is the propagation speed of the transverse modes.
The case M0 = 0
3 is special and corresponds to an enhanced symmetry which turn the adiabatic
medium into an isentropic one [18]. The quadratic action can be obtained by simply setting pi′0 = 0
in (2.8); the longitudinal modes propagate with velocity c2L where the adiabatic soudn speed c
2
s this
time is given by
c2s =
2M2Pl(M2 − 3M3)
9 (ρ+ p)
. (2.13)
Stability in flat spacetime requires that
ρ+ p > 0 M3 > M2 , M2 > 0 , (2.14)
or equivalently ρ + p > 0 and c2L > 0, c
2
T > 0 which is the null energy condition augmented by
the positivity relations for the mass parameters entering in the dynamics of the fluctuations of the
medium, see [17, 18]. Notice that when the operator X = gµν∂µϕ
0∂νϕ
0 is present in the Lagrangian
pi0 is a genuine propagating mode (at the quadratic level this happens when M1 6= 0) and the medium
is non longer adiabatic and it will feature two scalars and two vectors propagating modes.
3 ζ and R Evolution
The scalar part of the perturbed metric in the conformal Newtonian gauge takes the form
g00 = a
2(−1 + 2ψ) , g0i = 0 , gij = a2(1− 2φ)δij , (3.1)
ϕ0 = ϕ¯(t) + pi0 , ϕ
i = xi + ∂ipiL . (3.2)
A generic medium will sport both density and entropy perturbations, a general discussion can be
found in [17, 18] and its relation with massive gravity in [23, 24]. For our purpose, we just need to
consider perturbations of adiabatic media. By using the EFT for isentropic media, one can write
in a closed form the equations governing the dynamics the comoving and uniform curvature gauge
invariant perturbations defined by
R = −φ+H v, ζ = −φ− δρ
3(ρ+ p)
; (3.3)
where v is the scalar part of the medium’s velocity, p¯ and ρ¯ are the background values of the pressure p
and the energy density ρ, while H = a′/a is the conformal Hubble parameter. Moreover, the dynamics
of perturbation is encoded in very few parameters, namely the sound speed c2s = p¯
′/ρ¯′, the equation
of state w = p¯/ρ¯, c2T and c
2
b . By using the EFT for the medium, one can derive the expression of the
energy density and pressure perturbations δρ and δp, the scalar part Ξ of the anisotropic stress and
the perturnation δσ of the entropy per particle in terms of the Stuckelberg fields, see [18] for details;
3Actually M0 = 0 also implies M4 = 0.
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namely
δρ = −6M
2
PlH2
a2
(
3 Φ + k2 piL
)
(1 + w) +
ϕ¯′
a4
δσ ; (3.4)
δp = −6M
2
PlH2
a2
c2s
(
3 Φ + k2 piL
)
(1 + w) +
c2b ϕ¯
′
a4
δσ ; (3.5)
Ξ = 2M2pl(φ− ψ) = −
2M2
a2
piL ; (3.6)
δσ = 2M2Pl
M0
ϕ¯′
[
ψ +
pi′0
ϕ¯′
+ c2b
(
3φ+ k2 piL
)]
. (3.7)
(3.8)
The dynamics of σ is such that
δσ′ = 0 . (3.9)
Moreover
ζ =
k2
3
piL +
ϕ¯′
3(ρ+ p)
δσ . (3.10)
While δσ does not depend on time, in general it will be a nontrivial function of the space ~x, or in the
Fourier basis of the the comoving momentum ~k. The scalar δσ becomes a propagating mode when the
symmetry (2.4) is not enforced and the medium is not adiabatic anymore. Here we will focus only in
the adiabatic case; the general case will be discussed in a separate paper. We stress that, even in the
general case, where δσ is propagating, the entropy perturbations are constant on superhorizon scales
under mild assumptions, see Appendix C.
The difference between the adiabatic and the general case is that in the first δσ has to be considered
as a k−dependent parameter, while in the second such a constant on super-horizon scale will be
determined by solving the dynamics.
The scalar perturbation R and ζ are related by
ζ = R+ a
2 Γ
18M2Pl (w + 1)H2c2s
+
k2 Ξ
27(w + 1)H2c2s
− R
′
3Hc2s
, (3.11)
where
δp = c2s δρ+ Γ ; (3.12)
thus
Γ =
ϕ¯′
(
c2b − c2s
)
a4
δσ . (3.13)
By using the expression for the anisotropic stress (3.8) given by EFT together with the expression of
non-adiabatic pressure perturbation in terms of δσ, one gets
ϕ¯′
(
c2L − c2b
)
18a2M2Pl(w + 1)H2c2L
δσ −R c
2
s
c2L
+
R′
3H c2L
+ ζ = 0 . (3.14)
The perturbed Einstein equations lead to the following dynamical equation for R
(R′LR)′ +m2RR+Aσ δσ = 0 , LR =
a2(w + 1)
c2L
; (3.15)
where
m2R =
a2 (1 + w)
c4L
{
k2 c4L + 2H c2L
[
3 (w + 1)H c2T + 2 c2T ′
]− 4H c2T c2L′} ;
Aσ =
ϕ¯′
M2pl
[
(w + 1)
(
c2L − c2b
)
+ 2 c2b
(
c2b − c2s
)
4 c2L
− c
2
b
′
6H c2L
+
c2b c
2
L
′
6H c4L
]
;
(3.16)
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As discussed in section 2, cT , cL and cb are functions of the mass parameters {MA , A = 0, 1, 2, 3, 4}
which are expressed in terms of first and second derivatives of the Lagrangian describing the medium,
see appendix A and [18] for further details. A similar equation for ζ can be obtained by using (3.11)
and it is given in appendix B
The evolution equation (3.15) for R 4 can be put in the following canonical form working with the
field redefinition Rc = LR R
R′′c +m2Rc Rc +
Aσ
L
1/2
R
δσ = 0 , m2Rc =
m2R
LR
− L
′′
R
2LR
+
L′R
2
4L2R
. (3.17)
The equation for R can be used to study the violation of the Weinberg theorem; indeed when δσ = 0,
the curvature perturbations R or ζ can grow at superhorizon scales if
1. the anisotropic stress is such that in the limit k → 0, R =constant is not a solution of (3.15);
2. the background evolution is such that the would-be decreasing mode is actually increasing.
Condition 1 is realized when M2 6= 0, e.g. for a solid-like media, while condition 2 is realized in a
super slow-roll phase when the slow-roll parameter  goes to zero extremely fast.
4 Inflationary Dynamics
Inflation [25, 26, 27] is the most popular paradigm to solve the puzzles of the standard cosmological
model and its slow-roll single field incarnation predicts an almost Gaussian and scale-free spectrum of
primordial perturbations. An important point, specially for the study of non-Gaussianity, is the pat-
tern of spontaneous breaking of spacetime diffeomorphisms triggered by vacuum configuration of the
fields responsible of inflation. For instance, in the case of single field inflation, time reparametrization
is broken while spatial diffs are unbroken [4]. Our approach to the dynamics of self-gravitating media
allows us to extend to such large class of systems the analysis of [4] for single field inflation and [12]
for solids. We stress that our EFT description of self-gravitating media is rather different and in some
sense complementary to multi fields inflation, see for instance [28, 29]. Indeed, the different class of
media are controlled by symmetries which also determine the symmetry breaking patter. Moreover,
the equations of motion for the Stuckelberg fields are equivalent to the EMT conservation and shift
symmetries, via Noether’s theorem, provide us with two conserved currents identified with particle
number and entropy per particle. As discussed in 3, the entropy per particle perturbation, constant
in time for adiabatic media, will constitute an additional source, besides the anisotropic stress, to the
violation of the Weinberg theorem.
Let us now define for the different media the background structure of an inflationary phase
 = − H˙
H2
= 1− H
′
H2 =
3
2
(1 + w) , η =
˙
H 
=
′
H  ; (4.1)
inflation sets in when w < −1/3 or equivalently  < 1. Usually the slow-roll regime is characterized by
, η  1 but here we will consider also regimes in which  and η can be free and not small parameters.
In general,  and η determine also the adiabatic sound speed
c2s = −1 +
2
3
− 1
3
η . (4.2)
The other free parameter is c2L that we will take constant.
Adiabatic media can be divided in two large classes: fluids and solids. The main difference is
that, while for a fluid the energy of generic element depends only on its volume, for a solid this is not
the case and also the shape matters. From the point of view of symmetries, fluids have an infinite
number of internal symmetries corresponding to volume preserving internal diffeomorphisms. The
4The same is true for the evolution equation for ζ.
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net result is that for a fluid the anisotropic stress is zero and then M2 = 0, moreover c
2
L = c
2
s. For
the class of media we are considering the pattern of spontaneous breaking of spacetime symmetries is
rather different from single field inflation where time diffeomorphisms are broken while spatial ones
are preserved [4], for an isentropic medium it is just the opposite: time diffeomorphisms are unbroken
and spatial diffeomorphisms are broken [12]. In the case of the most general adiabatic media, both
temporal and spatial diffeomorphisms are broken. In general there is a single scalar modes that
propagates and the seed for primordial perturbations are generated by quantum fluctuations around
of the Bunch-Davis vacuum of the canonically quantized field R or ζ that become classical after
horizon exit. The dynamics of ζ is such that it can be put in the same canonical form (3.17) with the
mass term m2ζc corresponding to the propagation speed of R in the UV, namely
lim
k→∞
k−2m2ζc = c
2
L . (4.3)
Thus, the canonical quantization of both R and ζ singles out the Bunch-Davis vacuum if their positive
frequency mode, for large k, is proportional to exp(−i cL k t). We will always make this choice in the
present paper. Of course, as minimal requirement, we should have
c2L > 0 , (4.4)
and to avoid superluminality c2L < 1. For each class of media, we analyze the following regimes
• Slow Roll (SR)
This is the standard slow-roll regime 0 <  1, η  1.
• Super Slow Roll (SSR)
In this this regime 0 <  1, while η is not necessarily small and is taken constant.
• W-Media (WM)
This is the simplest inflationary regime and corresponds to a constant w taken in the range
−1 < w < − 13 . Thus  = 3(w + 1)/2 is also constant and consequently η = 0. From the
background EMT conservation it follows that c2s = w, while the EFT gives in this case c
2
b = w.
For all regimes of interest, either the time variation of η is quadratic in the SR regime or is strictly
constant in SSR , thus from eq. (4.1), we get
 = i (−Hin t)−η , (4.5)
which of course is valid also in the WM regime with η = 0 and  =constant. It is convenient to
parametrize the scale factor a as follows
a = (−Hin t)β , H = β
t
, (4.6)
where β is directly related to the parameter 
β = − 1
1− i , (4.7)
and its time dependence can be neglected in SR at the linear order, while in the WM regime is strictly
constant and in particular β = 21+3w . In the SSR regime, if η < 0, it is clear that  quickly goes to
zero and after the inflation sets in, we can safely neglect it but not its time derivative related to η.
We point out that with such a choice of the background behaviour , η and cL are the only independent
parameters that set the dynamics of the solution for the homogenous perturbation equations. To set
the inhomogeneous solutions we need also the value of c2b parameter that set also the dynamics of the
background field ϕ0
ϕ¯′′ = (1− 3 c2b) H ϕ¯′ (4.8)
7
that, for c2b constant gives
ϕ¯′ = ϕ¯′in
(
a
ain
)(1−3 c2b)
(4.9)
Being δσ constant in time, the time dynamics of the isentropic corrections is settled.
The various inflationary regimes are summarised in table 4.2.
4.1 Structure of Media Inflationary models
On a de Sitter (dS) background, where ρ+p→ 0, cs, cL and cT become singular 5, see (2.12,2.10,2.11).
In order to prevent singularities that could invalidate perturbation theory, a successful inflationary
phase requires a careful choice of the Lagrangian U describing the medium. In more detail, looking
at the energy density and pressure expressions [18]{
ρ = −U + Y UY ,
p = U − b Ub − 23
∑3
n=1 nUτnτn
⇒ p+ ρ = Y UY − b Ub − 2
3
3∑
n=1
nUτnτn . (4.10)
A quasi dS inflationary phase can be realised by taking a Lagrangian of the form 6
U(τi, Y ) = U
Λ(τi, Y )︸ ︷︷ ︸
∝M2Pl H2
+ V (τi, Y )︸ ︷︷ ︸
∝(1+w)M2Pl H2
; (4.11)
UΛ selects the dS background, while the subleading part V provides the small deviation from dS. We
have two main options for the form of UΛ:
(a) UΛ = Λ is just a cosmological constant (CC).
(b) UΛ is special case of the Λ-media [30] Lagrangians, featuring w = −1, with a non trivial
dependence from the various operators.
The difference in the two options shows up in the values of the masse parameters Mi.
(a) In the CC dominated case all masses are order (1 + w)
Mi ∝ (1 + w) MVi , (4.12)
and all various “sound velocities” c2s, L, T, b are parameters associated with V .
For the Λ-Media dominated case we can have Λ-perfect fluids potentials of the form UΛ = U(b Y ), isen-
tropic Λ-solids with UΛ = U(Y τ
3/2
1 ,
τ2
τ21
, τ3
τ31
) and special isentropic Λ-supersolids with a Lagrangian
UΛ = U(w2
w21
, w3
w31
). For our purposes, the main feature of Λ-media is the following set of relations
among the mass parameters [30]
MΛ0 = MΛ4 , MΛ2 = 3 (MΛ3 −MΛ4) ; (4.13)
for fluids MΛ2 = 0 thus in this case MΛ0 = MΛ3 = MΛ4 . Moreover, to avoid the above mentioned
singularities for the c2i , the mass parameters need to have the following structure
M2 ∝ (1 + w) MV2 M0,3,4 ∝MΛ + (1 + w) MV0,3,4 ; (4.14)
where MΛ is a unique common mass scale generated by U
Λ. With the structure (4.14), no singularity
related to ρ+ p→ 0 will be present. This will be case when UΛ has the following features:
5Note, however, that inflation takes place when w < − 1
3
and strictly speaking only slow-roll and the ultra slow-roll
regimes needs a background close to dS where w ∼ −1.
6The corresponding mass parameters MA generated by U can be generically written as MA = MΛA + (1 + w) MVA ,
where MΛA is associated with U
Λ while MVA with V .
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• The constraint on M2 implies that the potential UΛ represents either a Λ-perfect fluid UΛ =
U(b Y ) or a specific massless Λ-solid for which MΛ2 = 0. One can take for instance U(
τ2
τ21
− τ3
τ31
, Y ).
• The values of the parameter c2b is driven by UΛ and thus c2b ∼ −1, where the deviation from −1
are small and provided by V . The other parameters c2s,L,T are driven by the potential V .
Thus, at quadratic level, the main difference in between the two class of Lagrangians is the value of
c2b , that, as we will see, is a key parameter for the entropic perturbations contributions to the power
spectrum. For the Λ-media dominated case c2b is close −1, while it has generic value in the case of
the CC dominated case. In the WM regime, described in detail in section ( (5.4), the background is
not close to dS, w is constant with −1 < w = const < − 13 , realizing an accelerated expansion of the
Universe. The corresponding medium is a simple generalization of the Λ-medium (with w = −1) and
the Lagrangian of the form given by eq. (5.14).
4.2 The Comoving Curvature Perturbation R
Consider first the comoving curvature perturbation R whose dynamics is described by (3.17). For all
the inflation regimes under investigation, such equation assumes the form of a Bessel equation plus an
inhomogeneous term in the case of isentropic media proportional to entropy per particle perturbations;
namely
Rc′′ +Rc
[
k2c2L +
1
t2
(
1
4
− ν2
)]
+ Σk(−Hin t)γ = 0 ; (4.15)
where, by using the parametrization described in the previous section, we have
ν2 =
1
4
(1− 2β + η)2 − 4 c2T β2 i ;
γ = −3β c2b +
η
2
;
Σk =
ϕ′in
2
√
6 cLM2pl
√
i
[
3 c2b(c
2
b − c2s) + i(c2L − c2b)
]
δσ .
(4.16)
In order to compute the primordial power-spectrum, it is natural to take the entropic perturbation
δσ, as a classical external field. Thus, no cross-correlation terms < δσR(0) > will be present. The
solution of eq. (4.15) can be written as
R = R(0) +R(δσ) , (4.17)
where R(0) is the general solution of the homogenous equation (4.15) obtained by setting Σk = 0,
while R(δσ) is a particular solution (4.15).
SR SSR WM
i, η  1 i = 0, η ∼ O(1) i ∼ O(1), η = 0
β = −1− i β = −1 β = − 11−i
c2s = −1 + 23i − η3 c2s = −1− η3 c2s = −1 + 2 i3
ν = 32 +
η
2 − c2L i ν = 3+η2 ν = 32
√
1− 8 c2L (1+w)
(1+3w)2
γ = 3(1 + i) c
2
b +
η
2 γ = 3 c
2
b +
η
2 γ =
3 c2b
1−i
Table 1: Background parameters and features in the various regimes
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4.2.1 Isentropic solutions
The solution of the homogeneous equation can be written as a linear combination of Hankel functions
R(0)c =
√−k t
[
R1 H(1)ν (−cL k t) +R2 H(2)ν (−cL k t)
]
. (4.18)
Notice that our choice of the conformal time t is such that t ∈ (−∞, 0]. The scalar R is canonically
quantized and the Bunch-Davis is selected as the vacuum; this is equivalent to impose that for large
k (sub-horizon mode) the mode is a suitable normalized postive frequency plane wave exp(−i cL t k),
namely
R2 = 0 , |R1|2 = − pi
4M2pl k
. (4.19)
Thus, the mode assumes the form
R(0)k (t) =
Rc
L
1
2
R
=
(
−c2L pi
8M2pl iH
2β−η
in
) 1
2
(−t) 12−β+ η2H(1)ν (−cL k t) , (4.20)
and the power spectrum of R, defined in terms of the two-point function of the associated free field,
will be given by
PR(0) =
k3
2pi2
|R(0)k (t)|2 . (4.21)
In practice, the power spectrum is important on large scales, namely in the limit |k t|  1. Depending
on chosen sign for ν in the Hankel function, we have that
H(1)ν (−cL k t)|ν>0 ∼ (k t)−ν , H(1)ν (−cL k t)|ν<0 ∼ (k t)ν . (4.22)
Of course, the final result will be independent from the choice of sign for ν being relation (4.15)
symmetric. Hereafter we always choose ν to be positive. Thus, in the superhorizon limit we get for
the power spectrum
PR(0) =
22 ν−4 c2−2 νL Γ(ν)
2 (Hin)
−2 β+η
i pi3M2pl
(−t)1−2 ν−2 β+η kns−1 , ns = 4− 2 ν . (4.23)
Immediately, one can read off that, in order to have a tilt parameter ns close to one, one should have
ν ≈ 32 , irrespective of the inflationary regime of choice. As we will see better in section 4.4, a generic
important feature is that, at superhorizon scales, the power spectrum will still have a residual time
dependence which is a direct consequence of the Weinberg theorem violation.
4.2.2 Entropic modes
Finally, let us study the effect of the entropic perturbation in the power spectrum. The particular
solution of eq. (4.15) can be written as
R(δσ)c =
1
ν
Hγin Σk (−t)2+γ
[F (α, ν, c2L, k t)−F (α+ ν, −ν, c2L, k t)] , (4.24)
where α = 14 (3 + 2 γ − 2 ν), and the function F is a combination of regularized confluent hypergeo-
metric and regularized generalized hypergeometric functions
F (α, ν, c2L, k t) = − 14αF0
(
1 + ν, −1
4
c2L (k t)
2
)
F1
(
α, {1− ν, α+ 1},−1
4
c2L (k t)
2
)
. (4.25)
In order to not change the Bunch-Davis vacuum we need that at small scales R(δσ) to be subdominant;
now
R(δσ) ∼ Σk√
i
(−k t)−(1+3 c2b)β+η |k t|  1 ; (4.26)
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thus at subhorizon scales, entropic perturbations do not change the vacuum state when
η − (1 + 3 c2b)β < 0 ⇒ c2b <
η − β
3β
. (4.27)
The above condition is sufficient to do not alter the Bunch-Davis vacuum by the entropic mode and
no particular assumption on the depedence of δσ on k has been made. However, (4.27) could be too
stringent for a very special form of δσ as a function of k. This might be the case when δσ is used
produce the seed for primordial black and then it is peeked on a momentum k0 so large that cannot
be directly tested and condition (4.27) does not necessarly apply.
Provided that the vacuum state is not altered, at the large scales, we get the following expression
for the entropic contribution to the curvature perturbation
R(δσ) = − 4
√
3 cLH
−β+γ+ η2
in Σk
[(2γ + 3)2 − 4ν2]√2 i
(−t)2+γ−β+ η2 |k t|  1 . (4.28)
The entropic mode δσ is a classical source, as a result when computing the power spectrum there is
no cross correlation and thus the total power spectrum is simply given by the sum of (4.23) and
PR(δσ) =
12 c2LH
−2β+2γ+η
in
pi2 [(2γ + 3)2 − 4ν2]2 i
|Σk|2 k3 (−t)4+2γ−2β+η . (4.29)
Note the time dependence of PR(δσ) can be neglected when c2b = c2s
• SR: c2b ≈ −1.
• SSR: c2b = −1− η3 .
• In WM it is always exactly constant being c2b = w = c2s.
Thus, the total power spectrum is then given by
PR = PR(0) + PR(δσ) . (4.30)
From the relation (4.16), paying attention to compute correctly the parameter Σk case by case
7, we
get that the entropic contribution to the total power spectrum is of order 1i2 |δσ|2 whatever the regime
is. The contribution of δσ to the total power spectrum can be used to get the enhancement required to
form primordial black holes that could serve as a MACHO-like dark matter candidates [19, 20, 21, 22],
see for instance [31] for a recent discussion.
4.3 The Uniform Curvature Perturbation ζ
In the standard single field slow-roll inflation, for superhorizon scales, R = ζ and when a mode goes
superhorizon freezes becoming time independent. This is the case because the Weinberg theorem
holds. However, in general this will be not the case and even for super horizon mode R 6= ζ and a
complete study of the dynamics of ζ is required. Unfortunately, though the dynamical equation for ζ
is similar in form to (3.17), see (B.1), even in the single field case is much harder to solve. However,
once R is known, one can instead find ζ by using the general relation (3.14). As for R we can split
ζ into an adiabatic part ζ(0) and an entropic contribution ζ(δσ) originating from the presence of δσ;
thus
ζ(0) = R(0) c
2
s
c2L
− R
(0)′
3H c2L
,
ζ(δσ) = R(δσ) c
2
s
c2L
− R
(δσ)′
3H c2L
+
(c2b − c2L)H
−β+γ+ η2
in Σk√
6
√
i cL β2 [3 c2b(c
2
b − c2s) + i(c2L − c2b)]
(−t)2+γ−β+ η2 .
(4.31)
7When c2b = c
2
s, Σk is of order
√
i δσ, instead of
δσ√
i
. Thus, this happens when the entropic part of the power spectrum
is time independent.
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From eq. (4.20), the adiabatic part of ζ can be written as
ζ(0) =
√
pi t
2 i
(−tHin)
η
2−β
[
A H(1)ν (−cL k t) + B k tH(1)ν−1(−cL k t)
]
, (4.32)
where
A = 2 ν − 1− η + 2β (1 + 3 c
2
s)
12 cL βMpl
, B = 1
6βMpl
. (4.33)
While B will be always different from zero, this is not the case for the A that, in the three regimes of
interest, results:
1. SR: A = − 12 cL Mpl
2. SSR: A = 0 8
3. WM: A = 1+3w
8 c2LMpl
(
1 +
√
1− 8 c2L (1+w)(1+3w)2
)
The knowledge of the A value is crucial to get the correct superhorizon limit; for −k t  1 we have
that
ζ ∼ A (−k t)−ν [...] + (A cL − 2B) (−k t)−ν+2 [...] . (4.34)
Thus, in the SSR regime, being A = 0, only the Hankel function H(1)ν−1 contributes to the power
spectrum and one needs to expand such function to the next to leading order term.
By using the previous results, one can determine the general form of the ζ power spectrum
A = 0 : Pζ(0) =
22(ν−2) B2 c2(1−ν)L Hη−2βin Γ (ν − 1)2
pi2i
(−t)5−2 β+η−2 ν k7−2 ν ,
A 6= 0 : Pζ(0) =
22(ν−1) Γ(ν)2 cL−2ν H
η−2β
in A2
pi3 i
(−t)1−2 β+η−2 ν k3−2 ν .
(4.35)
The case A = 0 encountered in the SSR, has its origin in a peculiar background dynamics; the bottom
line is a dramatic violation of the Weinberg theorem which, besides to residual time evolution of
superhorizon modes, makes the tilt parameters of Pζ and PR very different; namely
nsR = 4− 2 ν , ns ζ = 4 + nsR = 8− 2 ν . (4.36)
In the case of SR and WC inflation ns = nsR = ns ζ .
Thus, in the SSR limit, the post inflationary evolution needs a close scrutiny to decides how the
universe, after the reheating, settles into the “standard” hot phase. This will be analyzed in detail in
section 7. Finally, we can compute the entropic contribution to the ζ power spectrum. At superhorizon
scales ζ(δσ) is proportional to R(δσ)
ζ(δσ) ∼ ΣkH
γ−β+ η2
in

1
2
i
(−t)γ+2−β+ η2 , ζ(δσ) = CR(δσ) (4.37)
where the proportionality parameter C is given by
C = 1 + 3c
2
s
3c2L
− 1
β2
c2b − c2L
12 c2L
[
(3 + 2γ)2 − 4ν2]
[3 c2b(c
2
b − c2s) + i(c2L − c2b)]
− 4 + 2γ + η
6 c2L β
; (4.38)
the corresponding power spectrum is given by
Pζ(δσ) = |C|2 PR(δσ) . (4.39)
8The fact that ζ is not given by a sum of Hankel functions with different indexes, suggests that the ζc dynamic is
Bessel-like and can be described by eq. (4.15) with an effective ν in this limit.
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Beyond these very complicated constants which are not so important at this level, we can conclude
that the time, scale and i dependence of the uniform entropic power spectrum Pζ(δσ) is exactly the
same of the comoving one PR(δσ) . In particular, in the three regimes defined above, the constant C is
practically closed to one
CSSR = CWM = 1 , CSR = 1 +O(2i , i η) , (4.40)
Thus, hereafter we will use the script P(δσ) which stands for both PR(δσ) and Pζ(δσ) .
4.4 Violation of the Weinberg Theorem
How we can easily note from the structure outlined above, the generic media which we are going to
analyze manifestly violate the Weinberg Theorem also if entropic modes δσ are assumed to be zero.
The violation due to a particular background dynamic or to a non vanishing anisotropic stress scalar,
arises into two main features
1. The supposed to be decreasing mode grows in time. As a result the constant mode is not
the dominant one, and the amplitude of the scalar perturbations at superhorizon scale is time
dependent;
2. The large scale equivalence between curvature perturbations of different hypersurfaces does not
hold. In particular we find discrepancies between the uniform and the comoving curvature
perturbations.
Both these properties can be extrapolated from our relations. From eqs. (4.23) and (4.35) we find
that the power spectra time dependence is described by
• R amplitude time dependence:
AR ∼ (−t)1−2β+η−2ν ; (4.41)
• ζ amplitude time dependence:
A 6= 0 : Aζ ∼ (−t)1−2β+η−2ν ,
A = 0 : Aζ ∼ (−t)5−2β+η−2ν .
(4.42)
Note when A 6= 0, ζ and R are characterized by the same time-dependence but this does not imply
the equivalence between uniform and comoving curvature perturbations, indeed computing the ratio
between the two power spectra
A 6= 0 : Pζ(0)PR(0)
= 4A2M
2
pl
c2L
=
1
36
[
2ν − 1− η + 2β(1 + 3c2s)
]2
c4L β
2
,
A = 0 : Pζ(0)PR(0)
= M2pl B2
Γ(ν − 1)2
Γ(ν)2
(−k t)4 = 1
36β2
(−k t)4
(ν − 1)2 .
(4.43)
Substituting the explicit values of the parameters in the three regimes, we can summarize the effects
of the Weinberg theorem violation as follows:
• SSR: A = 0, both time dependence and amplitudes are different. Note that at superhorizon
scales, the uniform power spectrum is much smaller than the comoving one and suppressed by
a factor (k t)4;
• SR: A 6= 0, ζ and R growing modes have the same time dependence which is higher order in the
slow-roll parameters, however the amplitudes are different at the leading order;
• WM: A 6= 0, ζ and R growing modes have the same time dependence but different amplitudes.
The time dependence can be dramatically different from the one in the SR.
The detailed analysis of each regime is given in the following sections.
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5 Media Inflation
In this section we will study, for each class of media the corresponding relevant inflationary regimes.
The results are obtained by specializing the general analysis of the inflationary dynamics of R and ζ.
5.1 Extended Fluid Inflation
In this section we extend the the work of [11] on fluid inflation. The main feature of a fluid is that
there is no anisotropic stress; in our language M2 = 0 and thus we have that c
2
L = c
2
s. From (4.2), it
clear the condition (4.4) is incompatible with an inflationary SR and a WM regimes. Nevertheless,
the super slow-roll regime is possible, taking η < −3. As discussed before, in the SSR regime we can
set  = 0 and we have that
ν = − (η + 3)
2
, β = −1 , γ = 3 c2b +
η
2
. (5.1)
On superhorizon scales, our general analysis gives in the barotropic case
R(0) = C1 + C2(−kt)η+3 , ζ(0) = C1 + C2 (−kt)η+5 |k t|  1 . (5.2)
As explained in section 3, though all perturbations are adiabatic, the very fast decrease of  in the
super slow-roll regime turns the decreasing mode in R and ζ in a growing one when η < −39. The
constant mode is still present but sub-leading, in this sense the Weinberg theorem is violated. As said
before, in this case A is zero; applying eqs. (4.23) and (4.43) we get respectively
PR(0) =
2−(7+η) Γ
(
− (3+η)2
)2
c5+ηs H
2+η
in
pi3M2pl i
t6+2η k6+η ,
Pζ(0) =
1
9
(k t)4
(η + 5)2
PR(0) .
(5.3)
As previously anticipated, one of the peculiar feature of fluid inflation is that the requirement of a
scale-free spectrum for ζ and R, e.g. ns = 1, gives very different values of η. Indeed,
• ns = 1 for R gives η = −6 with c2s = 1,
• ns = 1 for ζ implies η = −10 and c2s = 7/3 > 1.
Leaving aside the possible Cherenkov decay due to c2s > 1, whatever choice is made Aζ 6= AR and the
spectrum cannot be simultaneously scale-free. As it will discussed in section 7, ζ is continuous on the
reheating hypersurface, while R jumps to align with the value of ζ. Thus, the spectrum which needs
to be scale free is the one of ζ which selects η = −10 and the sound speed will be quite far from being
sub-luminal, in contrast to the result in [11].
We can now extend the analysis of [11] to a non-barotropic fluid which is described by the La-
grangian U(b, Y ); the difference with respect to the barotropic case is the presence of entropic per-
turbations, thus the power spectrum PR(0) is supplemented by an entropic contribution. Specializing
eqs. (4.16) and (4.29) to the super slow-roll regime, we get
P(δσ) ∝ k
3 |Σk|2
i
(−t)6(1+c2b)+2η . (5.4)
The new key parameter is c2b , which controls the amount of non-adiabatic perturbation present and
also, together with η the superhorizon behaviour. Indeed
P(δσ)
Pζ(0)
∼ k−7−η |Σk|2 t6(1+c2b)−10 |k t|  1 . (5.5)
9Only if η < −3 the sound speed is positive
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Condition (4.27) in the super slow-roll limit gives c2b <
2
3ν. In particular, setting η = −10, we get
c2b < 3. Thus, if 2/3 < c
2
b < 3 then P(δσ)  P(0)ζ and the entropic contribution is irrelevant; while if
c2b < 2/3, then P(δσ)  P(0)ζ and entropic contribution dominates at superhorizon scales.
5.2 Extended Solid Inflation
As a second large class of media we consider a finite temperature solid [18] described by the Lagrangian
U(Y, τ1, τ2, τ3) a generalization of zero temperature solid [12] where the operator Y and thus the scalar
field ϕ0 is not present. The main difference with a fluid is the presence of anisotropic stress proportional
to M2 which changes the propagation velocity of the scalar modes from c
2
s to c
2
L, see (2.8), moreover
the tensor modes do not have velocity equal to c as in the single field inflation but cT .
5.3 Solid Slow-Roll Inflation
The presence of an anisotropic stress, opens up for solid the possibility of slow-roll inflation with  and
η small and c2L > 0. As already discussed in section 3, we expect a violation of the Weinberg theorem
due to the presence of a non-vanishing mass term in dynamical equation (3.17) for R, caused by the
the presence of an anisotropic scalar Ξ = 2M2pl(φ−ψ), which does not vanish on superhorizon scales.
Consider a slow-roll inflationary regime. Making no assumption on c2T , the mass term of (3.17),
at the leading order in the slow-roll parameters η and , one gets
β = −1− i , γ = 3 c2b (1 + i) +
η
2
, ν =
3
2
+ i +
η
2
− 4
3
c2T i =
3
2
+
η
2
− c2L i, (5.6)
The violation of the Weinberg theorem can directly inferred by the asymptotic behaviour of R given
by
R ∝ (−t) 12−β+ η2−ν = (−kt) 43 c2T i ≈ 1− 4
3
i c
2
T log(−kt) ; (5.7)
where 12 − β + η2 6= ν and their difference can be linked to the presence of a non negligible transverse
speed cT , or equivalently to a mass parameter M2. R is constant in the superhorizon limit, modulo
a logarithmic growing correction of order . Using eq. (4.23), the amplitude at the leading order in
slow-roll parameters is given by
PR(0) = AR k3−2 ν , AR =
H−2β+ηin
8pi2 cL iM2pl
(−t) 83 c2T i . (5.8)
In the power spectrum the violation of the Weinberg theorem manifests as small amplitude log-like
time dependence due to the presence of the factor a−
8
3 c
2
T i .
Let us now come to ζ. Using eqs. (4.43) and (4.35) with A 6= 0 and ν > 0, on superhorizon scales
we get
ζ(0) = R(0)
[
c2s
c2L
− 4
9
c2T
c2L

]
+O(kt) , Pζ(0) = Aζk3−2 ν ,
Aζ
AR
=
1
c4L
. (5.9)
Therefore, the spectral index ns is the same of R but the amplitude is different. Such a feature, which
has its origin in the violation of the Weinberg theorem, was present also in the case of fluid inflation,
however here is mitigated by the slow-roll dynamics which makes both η and  small.
Now let us extent our analysis to the more general case of an adiabatic media for which δp 6= c2s δρ
extending the result in [12]. The additional contribution to the scalar power spectrum comes from
the correlation of δσ δσ, and on superhorizon scales we have
P(δσ) = 12 c
2
LH
−2 β+η
in |Σk|2 k3
pi2
{
[6 c2b(i + 1) + η + 3]
2 − 4 ν2
}2
i
(−t)6 (1+c2b)+2i(1+3 c2b)+2η . (5.10)
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At the leading order in the amplitude
Pζ(0)
PR(0)
=
(
c2s
c2L
)2
,
Pζ(δσ)
PR(δσ)
= 1 . (5.11)
As done for fluids, in presence of entropic modes, it is important to determine the relative size of
the two contributions in the power spectrum. Let us consider for instance, the ζ power spectrum; at
the leading order in the slow-roll parameters we have
P(δσ)
Pζ(0)
=
96 c7LM
2
pl |Σk|2 k2 ν{
[6 c2b(i + 1) + η + 3]
2 − 4 ν2
}2 (−t)6 (1+c2b)+2i(3 c2b−c2L)+2η . (5.12)
Condition 4.27, at the leading order, requires that c2b < − 13 , thus we can distinguish three different
regimes.
1. − 13 < c2b < −1
In this case the denominator of the previous relation is of order one and |Σk|2 ∼ |δσ|2/i, while
the time dependent factors goes to zero at late time. The the entropic contribution is irrelevant.
2. c2b = −1
The time dependence in the ratio of the two contributions drops off. From eq. (4.16), it follows
that |Σk|2 ∼ i|δσ|2 and then the ratio is of order |δσ2|/i. Thus, only if δσ is parametrically
much smaller then
√
i, the entropic contribution will be sub-dominant.
3. c2b < −1
The ratio is again of order |δσ|2/i; however the time dependent factor grows at late time and,
unless δσ is tiny, the entropic contribute will be the dominant one.
Of course also for a solid one can consider a super slow-roll regime which can be obtained from the
fluid case by replacing c2s with c
2
L and the same physical consideration still applies.
5.4 W-Media Inflation
The regime of W-Media inflation is characterized by c2b = c
2
s = w, with
− 1 < w < −1
3
. (5.13)
Being the velocity of scalar modes for a solid cL (positive in general), for such a media an inflationary
phase is possible. The most general adiabatic W-Media can be described by the following Lagrangian
U = τ
3(1+w)
2
1 V
(
Y
τ
3w
2
1
,
τ2
τ21
,
τ3
τ31
)
. (5.14)
and for them
ϕ′ = ϕ′in (−Hin t)
2(1−3w)
1+3w , Mi = mi (−Hin t)
2(1−3w)
1+3w , m4 = −wm0 , m1 = 0 , (5.15)
where the parameters mi are all time independent functions of the Lagrangian derivatives, and the
constant m2 is related to the transverse speed in c
2
L. Using eq. (4.16) we get
ν =
3
2
√
1− 8 c2L
(1 + w)
(1 + 3w)2
, (5.16)
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and from our general results eq. (4.23) and eq. (4.43) we get for the isentropic solution
PR(0) =
22ν−4 c2−2νL Γ(ν)
2H
− 4
(1+3w)
in
i pi3M2pl
(−t)1−2ν− 4(1+3w) k3−3
√
1−8 c2L (1+w)(1+3w)2 ,
Pζ(0) =
(1 + 3w)2
4 c4L
PR(0) .
(5.17)
In order to reproduce the measured [32, 3] red spectral tilt ns < 1, a negative c
2
L is needed as shown
in figure (1). Such result is in agreement with [33]. Thus, W-Media inflation for a zero temperature
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-0.15
-0.10
-0.05
nsw, cL2
Figure 1: Tilt parameter ns contour lines as a function of w and c
2
L parameters, using the experimental
constraint ns = 0.96 ± 0.014 with CL 95% in the case of no tensor perturbations and no momentum-
dependence of the tilt.
solid is ruled out being the spectrum inevitably blue tilted.
Consider now the effect of δσ. In the case of a W-Media, c2b = w and the condition (4.27) is
trivially satisfied; the time dependence of the source term in (4.15) is
γ = − 6w
(1 + 3w)
, Σk =
√
3
2
ϕ′in(
3
2 (w + 1)
) 1
2
(−1)γ
[
(1 + 3w)(c2L − w)
4 cL
]
δσˆ . (5.18)
The size of Σk is basically set by δσ unless w ≈ −1. From eq. (4.29) we get
P(δσ) ∝ |Σk|
2k3

H
− 41+3w
in ; (5.19)
moreover
P(δσ)
Pζ(0)
∼ |δσ|
2
i
k2 ν(−t)−1+2ν+ 4(1+3w) . (5.20)
Such a ration is time independent if we take an almost flat tilt for Pζ(0) with ν ≈ 32 . The conclusion
is that the entropic contribution is sub-dominant in this case and the blue-tilt persists. Thus blue-tilt
can turn in a red one by taking δσ such that P(δσ) is the dominant part of the spectrum with red
tilt, relaxing the hypothesis of ν ≈ 32 . We will study such possibility in a separate paper where the
dynamics of δσ will be analyzed in detail.
6 Gravitational Waves
Spin two perturbations are defined by
g00 = −a2 , g0i = 0 , gij = a2 (δij + χij) . (6.1)
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For all media considered the dynamics of spin two modes during inflation can be derived from the
following Lagrangian (Fourier basis)
LT =
a2M2Pl
2
[
χ′ijχ
′
ij −
(
k2 +
M2
a2
)
χijχij
]
. (6.2)
The mass parameter M2 in c
2
T which in the scalar sector controls the amount of the anisotropic stress,
it is also behind the dispersion relation for the propagation of the gravitational waves.
The associated Euler-Lagrange equation for the spin two perturbations is given by
χ′′ij + 2Hχ′ij + χij
(
k2 +
M2
a2
)
= 0 , (6.3)
and using our general parametrization (4.6)
χ′′ij +
2β
t
χ′ij + χij
(
k2 +
6 c2T β
2 (1 + w)
t2
)
= 0 . (6.4)
As usual, the quantum field χij is made up of two polarizations
χij =
2∑
s=1
εsijχs , χs = χ aˆ
s
k + χ
∗aˆs †k , (6.5)
with modes
χ = C1 t 12 (1−2β)H(1)νT (−kt) + C2 t
1
2 (1−2β)H(2)νT (−kt) , νT =
1
2
√
1− 4β + 4β2 − 24 c2T β2 (1 + w) .
(6.6)
Taking into account a factor two due to polarization average, we get for the primordial tensor power
spectrum
PT = k
3
pi2
|χ|2 = 4
νT−1 Γ(νT )2H
−2β
in
pi3M2pl
(−t)1−2β−2νT k3−2νT . (6.7)
Once the tensor power spectrum is given, by using our previous results, we can compute the tensor to
scalar ratio in the case of R and ζ separately. The entropic contribution is not in general suppressed
by  as for single field slow-roll inflation, but determined by δσ, changing the tensor to scalar ratio.
Of course, it will be very interesting to determine the δσ value when entropic perturbation becomes
dynamical like in a superfluid or a supersolid [18]; such an analysis will be the subject of a separate
investigation. The ratio is defined as
rs =
PT
Ps =
PT
P(0)s + P(δσ)s
. (6.8)
The suffix s stands for s = ζ, R; indeed, being the Weinberg theorem typically violated the two power
spectra must be studied separately. Taking δσ of order one, the two contributes of the total power
spectrum are in general comparable with some notable exception. Hereafter, we will use the following
definitions/relations
1
rs
=
1
r
(0)
s
+
1
r(δσ)
, r(0)s =
PT
P(0)s
, r(δσ) =
PT
P(δσ) . (6.9)
Obviously there are two extreme regimes
1. r
(0)
s  r(δσ) ⇒ P(δσ)P(0)s  1 and rs ≈ r
(0)
s ,
2. r
(0)
s  r(δσ) ⇒ P(δσ)P(0)s  1 and rs ≈ r
(δσ) .
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When the isentropic part is sub-dominant, the ratio is more or less unchanged with respect to the
single field slow-roll scenario. If the entropic part is dominant one, the ratio will be even more
suppressed. Thus, the more interesting case is when the two contributions are comparable and this
happens respectively when
• SSR: c2b = 23 ;
• SR: c2b = −1;
• WM: The entropic part never dominates if we consider ν ≈ 32 .
Details are given in Appendix D.
7 Post-Inflation Evolution: Instantaneous Reheating
The violation of the Weinberg theorem makes inflationary less robust; after inflation ends, R and ζ
will be conserved for superhorizon modes, thus the reheating phase becomes crucial to make quanti-
tative predictions on how the initial conditions for the hot universe era are set. More than analyzing
specific reheating models we will try to focus as much as possible on general features approximating
reheating as instantaneous and taking place on suitable time-like hypersurfaces where the Israel junc-
tion conditions [34] will be imposed. The transition hypersurface T is given in terms of 4-dimensional
scalar q as q =constant, or expanding at the linear order in perturbation theory
q¯ + δq = constant . (7.1)
We will denote by the subscript f− the quantity f evaluated at the end of inflation, while with f+
the same quantity evaluated at the end of reheating when the medium that had driven inflation has
decayed into the standard components of the hot Universe. The change of f across T will be written
as [f ]T = f+ − f−. On I, the equation of state suddenly changes from the value at end of inflation
wf = −1 + 2 f/3 to w = 1/3 in the radiation domination phase. The junction conditions [35] can be
written as
1. First Junction condition:
[hab]T = 0
The induced metric hab on T is continuous. In particular, at the background level this is
equivalent to the continuity of the scale factor a. At the linear level the jump of φ is determined
by δq according with [
−φ+Hδq
q¯′
]
T
= [ζq]T = 0 . (7.2)
Namely, ζq which represents the gauge invariant curvature perturbation of constant q hypersur-
faces is continuous across T .
2. Second Junction condition
[Kab]T = 0
We have assumed that no surface layer EMT tensor is present. In the absence of a localized
EMT on T , the extrinsic curvature Kab has to be continuous. At the background level, it implies
the continuity of H across T , namely [H] = 0. At the linear level from its diagonal part[(
1− H
′
H2
)
(R− ζq)
]
T
= 0 , (7.3)
while from the off-diagonal part [
δq
q¯′
]
T
= 0 . (7.4)
Thus, the perturbation δq can be characterized by a sharp jump during the transition.
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The choice of no surface layer EMT is consistent with the form of our EMT: though M2 and δσ can
have a finite jump, no δ-like contribution is present. From the continuity of ζq, the junction condition
(7.3) tells that R must jump across T
2 (R+ − ζq) = f (R− − ζq) ⇒ R+ = ζq + f
2
(R− − ζq) , (7.5)
A crucial point is that when the Weinberg theorem holds, whatever choice of q is, ζq is conserved
at superhorizon scales and ζq ≈ ζq′ |q 6=q′ ; therefore the choice of the curvature perturbation does not
matter. However, if the Weinberg theorem is violated, the quantity continuous across will depend on
the choice of q. In other words, the violation of the Weinberg theorem inevitably introduces a certain
degree of dependence on the details of reheating. Suppose that entropy does not play an important
role during reheating and the process is adiabatic, thus from energy conservation it is natural to
assume that the transition takes place on the constant energy density hypersurface, q = ρ 10; as a
result, ζq = ζ. From eq. (7.5), it is clear that if superhorizon ζ and R are different at the end of
inflation, such a difference is transmitted at the beginning of radiation domination and the initial seed
of perturbation will be not perfectly adiabatic. Let us analyze firstly the isentropic perturbations,
looking at the inflationary regimes of interest
1. Super slow-roll
In such a regime f is so small thatR+ = ζ and the generation of non-adiabatic perturbation due
to the Weinberg theorem violation can be neglected. A transmission of entropic perturbations
can happens only if the δσ was present during the inflationary phase.
2. Slow-roll
At the end of inflation R and ζ are different when c2L 6= 1. Splitting R+ as R(0)+ +R(δσ)+ and
similarly ζ, we have that in an instantaneous reheating the trasmission of the isentropic part is
suppressed by a slow-roll parameter; namely
R(0)+ = ζ(0)
[
1 +
2 f
3
(
c2T
c2s
)]
≈ ζ(0)
(
1− 2 f
3
c2T
)
. (7.6)
As a result, non-adiabatic initial perturbations are unavoidable also if δσ+ = 0, however their
contribution is small, suppressed by f , in agreement with CMB data. In radiation domina-
tion, at superhorizon scales, the fact that R − ζ 6= 0 can be encoded via relative difference in
density perturbations of the various species and also with intrinsic entropic perturbation for
non barotropic species. As matter of fact such contribution can be attributed only to the dark
sector [10, 30].
3. W-Media
f is not in general small; thus in this case, after reheating, the violation of the Weinberg theorem
is still sizeable causing a conspicuous generation of entropic modes. Together with the blue tilt
of the spectrum, such features makes W-inflation hardly viable.
The choice of a constant energy density hypersurface can be also justified dynamically when δσ = 0,
the relation (3.14) is still valid during reheating and at the same time the EMT tensor has a medium-
like form. Following [36], by using the 00 component of the linearized Einstein equations, we get
R− ζ = k
2 φ
3 H2 , (7.7)
thus (3.14) can be written as
R′ = 2
3
c2s k
2 φ
(1 + w)H − 4Hc
2
T ζ +
ϕ¯′(c2L − c2b)δσ
6a2M2plH(1 + w)
. (7.8)
10Such a choice is rather natural for a barotropic medium being the equation of state p(ρ).
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The above expression extends the analysis of [36], including entropy perturbations δσ 11 and the
effect of anisotropic stress encoded in c2L through c
2
T . Integrating (7.8) through the transition we can
estimate the jump of R
[R] =
∫ +
−
c2sθ
2
(
2
3
a2
H +
φ¯′
6H
δσ
M2pl
)
dt , (7.9)
with θgiven by
θ =
1
a
[
2
3
(
1− H
′
H2
)]− 12
. (7.10)
Integrating by parts
[R] =
[
1
3
k2φ
H2 +
1
12
ϕ¯′
a2H2 
δσ
M2pl
]
, (7.11)
which, thanks to (7.7), is equivalent to[
ζ − 1
12
ϕ¯′
a2H2 
δσ
M2pl
]
= 0 . (7.12)
The bottom line is that, when δσ = 0 and (3.14) holds during inflation, is natural that ζ is continuous
during reheating 12 and the physics of transition can neatly represented as a junction condition across a
constant energy density hypersurface on which the instantaneous reheating takes place. The situation
is quite different when entropic modes are included; indeed if equation (7.11) can be applied during
reheating, in the instantaneous approximation, the outcome of such a transition cannot be described
as a junction condition on the ρ =constant hypersurface being ζ not continuous this time but on
the contrary with a jump proportional to δσ. This suggests that the transition will take place at
q =constant, with q is a linear combination of ρ and σ. The conclusion is that the standard picture
often invoked relying on the continuity of ζ can be significantly altered.
8 Conclusions
In this paper, by using and effective field theory approach, we have studied in a systematic way
inflation dynamics driven by a generic adiabatic medium, extending the previous works on fluid and
solid inflation. The focus is on the violation of the Weinberg theorem during inflation which has two
main sources: anisotropic stress (for solids) and entropic perturbations. A third mechanism, related
to the super slow-roll regime, plays a major roll only for fluids for which the standard slow-roll regime
is not viable. Even if a media is adiabatic, in general, the entropy per particle σ is present and can
be scale dependent, though adiabaticity tells us that is a constant of motion. As a result, when the
medium is non-barotropic, entropy per particle perturbation δσ acts as a source term in the dynamical
equation for both the comoving curvature perturbation R and the curvature perturbation ζ. Thus,
the Weinberg theorem gets violated because the anisotropic stress does not go to zero fast enough
with the comoving momentum k and because of the presence of δσ. The bottom line is that, even
at superhorizon scales, both R and ζ are not constant in time and, in addition, ζ 6= R. At the level
of power spectrum, we get that the scalar amplitude of momentum k keeps growing until inflation
ends, even if k is superhorizon, moreover and additional contribution for the two-point function of δσ
is present. Being δσ strictly constant for an adiabatic medium, the amplitude of the corresponding
power spectrum is a free parameter of the theory. It is interesting to note that, when the adiabaticity
condition is removed, δσ will be dynamically determined and δσ′ = 0 at superhorizon scales. Thus an
adiabatic medium can be considered as a convenient simplified model which describes the dynamics
11In [18], it was shown that on superhorizon scales, when present, a dynamical entropic perturbation δσ is characterized
by δσ′ = 0. The quantity δσ, in the transition from inflation to radiation domination can be considered continuous.
12The continuity of ζ is oftern taken for granted as for instance in [12] and [37].
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of the scalar modes at superhorizon scales. The violation of the Weinberg theorem is also relevant
for the reheating phase. Considering an instantaneous reheating, taking place on a suitable spacelike
hypersurface, the variation of ζ and R is essentially geometric and encoded in the Israel junction
conditions. In the case δσ = 0, energy conservation suggests that the instantaneous reheating takes
place on ρ = constant and then ζ is continuous during inflation radiation domination transition while
R jumps. As a result, in fluid inflation we will end up an almost adiabatic spectrum; however, the
requirement of an almost scale free spectral index requires c2s  1, which makes fluid inflation not
very exciting. In the slow-roll case, the resulting initial conditions will be not adiabatic with the
non-adiabatic part of order  which is in agreement with CMB data. Things are different when δσ
is not zero. The choice of ρ = constant for the reheating hypersurface is not that compelling and,
as a result, the continuity of ζ is not guaranteed. Insisting on such a choice of hypersurface, the
non-adiabatic contribution will again of order . Finally, we point out that the entropic contribution
to the power spectrum can be used as seed to growth primordial black holes that could constitute an
important part of dark matter in the universe.
A Masses
The explicit values of the masses M2 and M3 in terms of U and its derivatives, are given in the case
of a FLRW spacetime in conformal time by
M0 =
φ′2
2M2Pl
[
a2 (UY 2 − 2 UX)− 4 a φ′ UXY + 4 UX2 φ′2
]
,
M1 =
2φ′2
M2Pl
(
3∑
n=0
a−2 n Uyn + a
2 UX
)
,
M2 = − 2
M2Pl
3∑
n=1
n2 a2(2−n) Uτn ,
M3 =
1
M2Pl
(
2
3∑
m,n=1
mna−2m−2n+4 Uτmτn + 2
3∑
n=1
n a1−2n Ubτn −
3∑
n=1
a4−2n Uτn +
1
2 a2
Ub2
)
,
M4 =
φ′
2M2Pl
(
2
3∑
n=1
a3−2n UY τn − a3 UY + UbY
)
+
φ′2
M2Pl
(
−2
3∑
n=1
a2−2n UXτn + a
2 UX − 1
a
UbX
)
;
(A.1)
A complete set of rotational invariant operators for the effective description of a generic media at the
leading order in a derivative expansion has the following elements
X = gµν ∂µϕ
0∂νϕ
0 , Y = uµ∂µϕ
0 , τa , a = 1, 2, 3 yn = Tr (B
n ·Z) , n = 0, 1, 2, 3 ; (A.2)
where uµ is the velocity of the medium which can be written in terms of the derivatives of the spatial
Stuckelberg fields, see [18]. In the case of adiabatic media M1 = 0. The adiabatic sound speed is
given by
c2s =
2 M2Pl
[
3M24 +M0 (M2 − 3M3)
]
3 a4M0 (p¯+ ρ¯)
; (A.3)
in the special case M0 = 0 (isentropic media) it reduces to
c2s =
2M2Pl(M2 − 3M3)
9 a4 (ρ+ p)
. (A.4)
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B ζ Evolution
Proceeding as for R one can write down an evolution equation ζ only which has the form[
ζ ′
6a2(w + 1)H2
2k2 + 9(w + 1)H2
]′
+m2ζ ζ +Bσ δσˆ = 0 , (B.1)
with
m2ζ = 6 a
2H2 (1 + w)
[
2 k4 c2L + 9 k
2H2 (w + 1) (8 c2T − 1)+ 54H4 (w + 1)2 c2T ]
[2 k2 + 9 (w + 1)H2]2 ;
Bσ = ϕ¯
′ 4 k
4(c2L − c2b) + 4 k2 F2 + 9 (1 + w)F0[
6 (2k2 + 9(w + 1)H2)2
]
F2 = H2
[
3 c2b
(
3 c2b − 3 c2L + 4 c2T − 2
)
+ 6 c2L + 12w c
2
T + 4 c
2
T
]
+H (3 c2L′ − 4 c2T ′ − 3 c2b ′) ;
F0 = H4
{
c2b
(
48 c2T − 36 c2L + 9w − 9
)
+ 18 c4b + 3w
(
8 c2T − 3 c2L
)
+ 2
(
3 c2L − 4 c2T
)
2 + 9 c2L
}
+H3 [6(c2L′ − c2b ′)− 8 c2T ′] .
(B.2)
C Dynamics of entropy perturbations on superhorizon scales
Following the general equations in [18], hypothesizing the presence of a non zero M1 mass parameter,
at superhorizon scales the entropy perturbation δσ evolution is described by[
δσ′
ϕ¯′2
(
6a2(1 + w)H2 +M1
)
6 a2M1(1 + w)H2
]′
= 0 ,
k2
H2  1 , (C.1)
which can be easily integrated
δσ = δσ0 + δσ1
∫ t
dt′
1
Mpl ϕ′2
6 a2 (1 + w)H2M1
M1 + 6 a2 (1 + w)H2 . (C.2)
Let us parametrize the M1 time dependence as follows
M1 = m1 a
λ
1 . (C.3)
If we assume the constant m1 to be not so small, we get at the leading order in the slow-roll parameter
i
δσ = δσ0 + δσ1
4 iH
−6 c2b(1+i)−η
in
[1 + 6 c2b(1 + i) + η] Mpl ϕ
′
in
2
(−t)−1−6 c2b(1+i)−η. (C.4)
This formula holds in the SSR and SR regimes and it does not depend on the M1 dynamic. Thus the
absence of entropy growing modes is ensured by the condition13
c2b < −
(1 + η)
6(1 + i)
⇒ SSR : c2b < −
1
6
(1 + η), SR : c2b < −
1
6
. (C.5)
Note that this relation is compatible with (4.27).
13We do not analyze WM regime, where the result will be naturally M1 dependent.
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D Scalar to tensor ratio
Let us analyze the tensor to scalar ratio r in the following three inflationary regimes. For fluid inflation
in the super slow-roll regime, when β = −1 and w ≈ −1, we get νT = 3/2 and the tensor spectrum is
perfectly scale-free with nT = 1
PT = 1
2
H2in
pi2M2pl
. (D.1)
For r, depending on c2b , we have the following possible cases.
1. 23 < c
2
b < 3
In this case, for both ζ and R, we get P(δσ)  P(0) and thus the total scalar is dominated by
the entropic part r(0). In particular
r
(0)
ζ = 9 2
10+η Γ
(
3
2
)2
c−5−ηs
Γ
(
− (5+η)2
)2 (−k t)−(10+η) (t) , r(0)R = 27+η Γ
(
3
2
)2
c−5−ηs
Γ
(
− (3+η)2
)2 (−k t)−(6+η) (t) .
(D.2)
The difference between R and ζ is important, indeed r(0)R /r(0)ζ ∼ (−k t)4; thus r(0)R is much
smaller then r
(0)
ζ in the superhorizon limit. This was not noticed in [11].
2. c2b =
2
3
Pδσ ∼ P(0). The entropic part is comparable with the standard one.
3. c2b <
2
3
In this case, P(δσ)  P(0) and thus the total r is close to r(δσ) with
r(δσ) ∼ 
2
i
|δσ|2 k
−3 t−6(1+c
2
b)−2η , (D.3)
setting η = −10 for a flat scalar spectrum, again for |k t|  1 the ration goes to zero very fast.
Clearly, even in the presence of entropic perturbations, in fluid inflation the tensor to scalar ratio is
vanishingly small.
Consider now slow-roll inflation for solids. In this case
νT =
3
2
+ − 4
3
c2T PT =
1
2
H2in
pi2M2pl
t
8
3 c
2
T k−2+
8
3 c
2
T . (D.4)
Again, c2b is important for the tensor to scalar ratio.
1. −1 < c2b < − 13
The isentropic part of the power spectrum is dominant and r will be practically equal to r(0)
with
r
(0)
R = 4 cL i k
η , r
(0)
ζ = rR c
4
L. (D.5)
2. c2b = −1
Pδσ ∼ P(0). The entropic part is comparable with the standard one.
3. c2b < −1
The entropic part of the power spectrum is dominant and is of the order
r(δσ) ∼ 
2
i
|δσ|3 k
−3(−t)−6(1+c2b) ; (D.6)
it is completely analogous to fluid inflation and the tensor to scalar ratio is strongly suppressed.
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Finally, let us consider w-media inflation, for which
νT = − 3
2(1 + 3w)
√
(w − 1)2 − 8(1 + w)(c2L − w) = ν . (D.7)
Taking for instance νT ≈ 32 which gives a blue tilt with c2L > 0
PT = H
−2β
in (−t)−
1
2−2β
2pi2M2pl
. (D.8)
Being νT = ν, the isentropic tensor to scalar ratio is time and scale independent
r
(0)
R =
6(w + 1)
c
2(1+ν)
L
, rζ = r
(0)
R
4c4L
(1 + 3w)2
. (D.9)
As discussed in the previous sections, being in this case P(δσ)  P(0), the isentropic contribution will
be the dominant one and the computation of r(δσ) is not necessary. Of course, the blue tilt of the
scalar power spectrum and a sizeable tensor to scalar ratio makes w-media inflation hardly viable.
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